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Abstract. In this paper we obtain well-posedness for a class of semilinear 
weakly degenerate reaction-diffusion systems with Robin boundary conditions. 
This result is obtained through a Gagliardo-Nirenberg interpolation inequality 
and some embedding results for weighted Sobolev spaces. 


1. Introduction. In this work we study well-posedness of semilinear parabolic 
systems in one space dimension of the form 


ut - {a{x)ux)x = c({t,x)u + f{t,x,u) 

( f3ou(t,-l) +/3ia{-l)ux{t,-l) =0 

r 

I [7ou(L 1) + 7ia(l)wx(Ll) = 0 
[ a{x)ux{t,x)\x=±i = 0 
m(0, x) = Uo(x) 


in Qt := (0,r) X (-1,1) 

tG (o,r) 

(for WDP) (1) 

te(0,T) 

t G (0, T) (for SDP) 

X G (-1,1) . 


The equation in the Cauchy problem above is a degenerate parabolic equation 
because the diffusion coefficient a (a G C'°([—1,1])), positive on (—1,1), vanishes 
at the extreme points of [—1,1]. Furthermore, two kinds of degenerate diffusion 
coefficient can be distinguished. o is a weakly degenerate problem {WDP) (see 
[4] and 0) if the diffusion coefficient a G C'^(—1,1) and ^ G L^(—1,1), while the 
problem ([T]) is called a strongly degenerate problem {SDP) (see [7], [5] and 0) if 
the diffusion coefficient a G C^([—1,1]), consequently i ^ L^{—1, 1). 

Some physical motivations for the study of degenerate parabolic problems come 
from mathematical models in climate science (see, e.g., [z])- 
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1.1. Problem formulation. We consider the problem ([T]) under the following as¬ 
sumptions: 

(A.l) uo e i^(-l, 1); 

(A. 2 ) a e L^{Qt); 

(A.3) / : Qt X R —>■ R is such that 

• (t, X, u) I —> f{t, X, u) is a Caratheodory function on Qt x R, (0) 

• 1 1 —>■ f{t,x,u) is loc. absolutely continuous for a.e. x G (—1, l),Vu G R, 

• there exist constants 7o > 0 , G [ 1 , i?sup) and u > 0 such that 

\f{t,x,u)\<^o\uf, for a.e. (t,x) G Qr,Vu G R, (2) 

[f{t,x,u) — f{t,x,v)){u — v)<h'{u — v)^, for a.e. (t,a:) G (5T,Vit,u G R, (3) 


\f{t,x,u) — f(t,x,v)\<v{l + \uG V |u|” )|it —u|, for a.e.(t,a:)G(5T,Vit,u G R, 

(4) 

/t(t, x,u)u> —V u^, for a.e. {t, x) G Qt, Vu G R; 

(A.4) a G C'°([—1,1]) is such that 

a{x) >0, Vcc G (—1,1), a(—1) = a(l) = 0; 


(A.5ru£)) ^ i^sup — 4, 

* a G C'^(—1,1) is such that 4 G L^(—1,1), 

X /3o)/^i! 7o: 7i G /?o + /^i > 0, 7o + 7i > 0, satisfy the sign condition 
/3o/3i < 0 and 7071 > 0 ; 

(A.55x1) X I^sup — 3 , 

nx ^ 

* a G C^fi—l, ll) is such that the function ,^o(x) := / —-^ds G (—1, l)i 

do a.{s) 

where = max 14^, 2'd — 11. 

Remark 1. The following is an example of function / that satisfies the assump¬ 
tion (A.3) : f{t,x,u) = c(t, cc) min{|u|'^“^, l}u — where c is a Lipschitz 

continuous function. 


1.2. Main results. In this work, we are interested in the following existence and 
uniqueness result. 

Theorem 1.1 (main theorem). For each uq G L^(—1, 1) there exists a unique strong 
solution of the WDP o under the assumptions (A.l) — (A.4) and {A.5 wd)- 

Remark 2. We note that Theorem 11.11 holds also for the SDP o under the as¬ 
sumptions (A.l) —(A.4) and (A.5 sd), with weighted Neumann boundary conditions. 
This result has already been obtained by the author in [ 3 . 


^ We say that / : Qt x M —> R is a Caratheodory function on Qt x R if the following properties 
hold: 

— (t,x) I —y f{t,x,u) is measurable, for every u E M, 

— u I —> f{t, x,u) is continuous, for a.e. (£,x) E Qt- 

^See Definition 13.31 for the precise definition of strong solutions. 
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1.3. Structure of this paper. The main theorem, Theorem 11.11 is proved in 
Section |31 with general Robin boundary conditions, applying the new Gagliado- 
Nirenberg interpolation inequalities and the embedding results for weighted Sobolev 
spaces obtained in Section [2] (references to ‘interpolation inequalities'^ can be found 
in 12], i,® and m ). In Section m we show an application to the global approxi¬ 
mate multiplicative controllability for system o and we present some perspectives 
for this kind of controllability. 


2. Interpolation inequalities and embedding results for weighted Sobolev 
spaces. In this section, first we introduce some weighted Sobolev spaces and we 
obtain a Gagliardo-Nirenberg interpolation inequality, then we prove embedding 
results for spaces involving time. 


2.1. The function spaces iJ^(—1,1) and iff(—1,1). In order to deal with the 
well-posedness of nonlinear WDP o, it is necessary to introduce the weighted 
Sobolev spaces iif (—1,1) and iff (—1,1) (see also [3] and [5]). 

We define 

iff (-1,1) := {u € T^(-l, 1)1 u e ACioc{[-l, Ij) and ^/au^ G ^^(-1,1)}, B) 

Hli-1, 1) := {u € iff (-1,1)1 au, € H\-1, 1)}, 
respectively, with the following norms 

Mila ■= I|w|li2(-l.l) + Hla and := ||u||f_„ -k ||(aWx):r,||i2(_i,i), 
where |u|i „ := ||^/a^^x|||2(_l i) is a seminorm. 

iff (—1,1) and iif (—1,1) are Hilbert spaces with their natural scalar products. In 
the following, we will sometimes use || • || instead of || • and || • ||oo instead 

of II • IIl“(Qt)- 


2.2. The operator {A,D{A)). In this work we consider the operator {A,D{A)) 
defined by 


D{A) 


e (-1,1) 


/3o'u(-l) -I- I3ia{-I)ux{-1) = 0 
7o u(l) -I- 7 i a(l) Uxil) = 0 


(5) 


I, Au = {aux)x + ctu, '\/u€D{A), 

where a € 1). In [4] we showed that H is a closed, self-adjoint, dissipative 

operator with dense domain in L^(—1,1). Therefore, A is the infinitesimal generator 
of a Co — semigroup of contractions in L^(—1,1). 


2.3. Interpolation inequalities and embedding results for the space iff. 

First, we obtain the following 

Lemma 2.1. For every p > 1, it follows that 

Moreover, there exists a positive constant c, c = c(p), such that 
I|m||lp(-i,i) < c 111x111,a, Vix € iff (-1,1). 


^By ACioc{[~^: 1]) we denote the space of the locally absolutely continuous functions on [—1,1]. 
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Proof. It is sufficient to prove Lemma EH] for every p > 2. Let u G iJ^(—1,1) and 
p>2. Firstly, since i G L^(—1,1), for every x G (—1,1), by Holder’s inequality we 
have the following estimate 


|u(a;) -m(0)| = 


u'{s) ds 


< 


a(s)|w'(s)f ds 


i{s) 


ds 


<fc|u|i,a, ( 6 ) 


where k = 


f-i 


. Furthermore, we obtain 


|'a(0)| < J |rt(0)|da;< J \u{x) — u{0)\dx+J \u{x)\dx < 2 k\u\i^a + V 2 \\u\\. (7) 

Finally, from ([Bj) and JTj) we deduce 

|u(a:)|^ dx < 2^~^ J {\u{x) — u(0)|^ + |m(0)|^) dx 

+ 2^p(^max j/c, < 22^(max |fc, 


/: 


□ 


Now, we prove the following L°° weighted Gagliardo-Nirenberg interpolation 
inequality. 

Lemma 2.2. 


moreover, for every <? > 5 there exists a positive constant c, c = c{q ), such that 


where a = 

2+q 

Proof. Let us consider the auxiliary function F : R —>■ R, F{t) = \t\i~^t, t G R. 
We note that F'{t) = g R. Let us start with the particular case when 

u G iL^(—1,1) and u{0) = 0. 

We can deduce the following equality 

F{u{x)) = f F'{u{s))u'{s) ds, Va;G(—1,1), 

Jo 

then, for every x G (—1,1), 

|u(a;)|““^'«(a;) = — [ |u(s)| ““^'u'(s) ds = — [ — |m(s)| ■ya(s) m'(s) ds. 

a do a do Va(s) 

Since ^ G L^(—1,1) (because a{x) is a weakly degenerate diffusion coefficient) and 
u G 1,1) owing to Lemma Em through generalized Holder’s inequality 
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(with three conjugate exponents: 4,4,2), for every x G (—1,1), we have 

1 






1 

< - 
a 




|u(s)|° ^ \/a(s) |m'(s)| ds 


1 

< — 


1 


a \7-i fl(s) 


ds 


|u(s)|'^ “ ds 


a(s)|u(s)|^ 


ds I <c||'u||^°i_jM|i.a. 


Therefore, for every u G 1) with u(0) = 0, we obtain 


I|m||l“(- 1,1) < c||u||“alkir “ 


where g = 2^^. Then a = and c = c(q). 

When u G iJ^(—1,1) and m(0) ^ 0, we obtain the inequality ([5|) by applying the 
inequality ([9]) to the function ^crU, where, for every tr G (O, ^) , G 1,1]) 

is a symmetrical cut-off function such that: 

• Ca(-a::) = ^^(x), Vx G [-1,1]; 

• 0 < ^cr(x) < 1, Vx G [0,1]; ^cr(x) = 0, Vx G [0, f]; ^a-(a:) = 1, Vx G [cr, 1]. 

Indeed, G ^a(0)u(0) = 0 and through Q we obtain the following 

inequalities 

from which the inequality ([5|) follows. □ 

Now, applying Lemma [2.21 we prove the following weighted Gagliardo-Nirenberg 
interpolation inequality. 

Lemma 2.3. For every p, g G K such that 1 < 2q < p, there exists a positive 
constant c, c = c{p, q), such that 

|l-/3 w.. ^ rrl/ 


where (3 = (0 < /3 < 1). 

Proof. For every u G 1) we have 


( 10 ) 






< llu 


Applying Lemma 12.21 we deduce the following inequalities 
Bearing in mind that a = 5 ^, we obtain 

2 p — 2q q p-f 4 

hllL.(-i,i) < {c{p,q))-^\\n\\lr^ ll^ll^’y- 1 , 1 )- 
Let us set /3 := and observing that 1 — /3 = we conclude the proof. □ 
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2.4. Spaces involving time: B{Qt) and Given T > 0, let us define the 

Banach spaces: 


B{Qt) ■■= C([0, T];L\- 1 , 1 )) n L^iO, T; 1 )) 

with the norm: II'*^IIb(Qt) ~ OlP + 2 / / a{x)u^dxdt, 

tG[0,T] Jo J-i 

and niQr) := ^^(0, T; D{A)) n H\0, T; L^-1, 1)) n C{[0,T]; I))® 

with the norm: \\u\\l^,Q . = sup (||u||^ + || VaUa:||^)+/ (||ut||^ + ||(au3,)x||^) dt. 

[o,T] Jo 


2.5. Embedding results for the spaces B{Qt) and T-L{Qt)- Thanks to the 
previous weighted Gagliardo-Nirenberg interpolation inequality (Lemma 12.31) we 
obtain the following embedding. 


Lemma 2.4. Let T > 0. We have the following embedding 

B{Qt) L^{Qt) 

and, for every p € [1,5], we obtain 

||u||li>(Qt) < cT^\\u\\b{Qj.), Vm G B{Qt), 
where c, c = c{p ), is a positive constant. 


Remark 3. In the following proof we will consider the norms 

rT 




>0 


lluf + \\Vau4^) dt and ||u|li=(o,T;L=(-i,i)):=esssup ||u|p 

[O.T] 


Proof, (of Lemma [2.4|) . For every u G B{Qt), owing to the Gagliardo-Nirenberg 
interpolation inequality obtained in Lemma 12.31 we deduce 

pT pT 


IP 

Ilp(Qt) 


Ilp(_ 14 ) dt < c 


dt, 


then, if we choose g = 1 in Lemma 12.31 we obtain fi = 
inequality becomes 

rT 2(p~2) 


— 2 p-2 

P 3 


and the previous 


IK.(q.)<c 


l|M||J(_i^l)di < c||u||^L(o,T;L2(_i,i))/ llwlll.a" (11) 


2(p-2) 


Since u G L^(0, T; iL^(—1,1)), in (ITTl) < 2 must occur, therefore we have 

found that p < 5. So, for p = 5 the inequality (ITTl) becomes 


JQ 


— c||M||ioo(o_T;L2(-l,l))l|w||i2(o,T;ffi(-l,l)) < c||M||g(Q^). 


^D{A) is the domain of the operator defined in (f^ . 

^ It is well known that this norm is equivalent to the Hilbert norm 


II«(Qt) 


f 

Jo 


+ ||\/a'^x|p + II )x II dt. 
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Moreover, for every p G (2, 5), owing to ([TT|) and applying Holder’s inequality (with 
conjugate exponents: and 5^) we obtain 


< cllu 


p-2 
P + 4 


Lp{Qt) — 


2(p-2) 

ll.a^ 


dt 


P-2 

3 


< c\\u\ 


L“(0,T;L2(_14)) 


dt 


/Q 


/o 


\Hladt 


5 p P+4 2^—^ ® P 

= cT 3 ll^llL~(o,T;L2(_i^i))|l^llL2(o.r;i7j(-l,l)) — ^ II'“IIb(Qt)' 


( 12 ) 

□ 


The proof of the following Lemma 12.51 has not been included in this paper as is 
similar to that of Lemma 3.5 of [7]. 

Lemma 2.5. Let T > 0, for every p > 1, we have 

^{Qt) C and 

< cT^ ||u||^(Q,j,), where c is a positive constant. 


3. Existence and uniqueness of solntions of semilinear WDP ([T]). In this 
section, in order to study the semilinear WDP ([T]), we represent it in the Hilbert 
space L^(—1,1) as 


u'{t) = Au{t) + (j){u ), t > 0 
u{0) = Uq , 


(13) 


where A is the operator defined in ([5|), uq G L^(—1, 1), and, for every u G B{Qt), 
the Nemytskii operator associated with the WDP H]) is defined as 


(j){u){t,x) := f{t,x,u{t,x)), y{t,x)eQT. (14) 


Now, we will deduce the following proposition. 


Proposition 1. Let T > 0, 1 < d < 4. Let f : Qt x K —R &e a function that 
satisfies assumption (H.3), then (f : B{Qt) —> L"^'^^{Qt) is a locally Lipschitz 
continuous map and ^('H(Qt)) C L^{Qt). 

Proof. For every u G B{Qt), applying Lemma [2H] (with p = d + 1), u G L^~^'^{Qt) 
and through ([2]) (see assumption (A.3)) we obtain 

f \f{t,x,u{t,x))\^~^'^dxdt<jl^^ f dxdt < fcT 3 ||u||gtQ <+00. 

Jqt JQt 

Furthermore, for every u G 'H{Qt), applying Lemma [231 u G L'^'^{Qt) and through 
m (see assumption (A.3)) we deduce 



\f{t,x,u{t,x))\‘^ dxdt <-fQ f 

J Qjp 


\u\^'^dxdt < 


< +00. 


Now, we prove that (j) '■ B{Qt) —5" L^'^^ {Qt) is a locally Lipschitz continuous map. 
Indeed, for every u,v € B{Qt), by ([4]), applying Lemma 1341 we have 



GIUSEPPE FLORIDIA 





j 

Jo 




J Qt 



a 


Qt j Qt 


Qt 


|m — dxdt^ ^ 



Owing to the last inequalities, we prove that for every R > 0, there exists K]i{T), 
a positive constant depending on R and T (increasing in T), such that 


\\(j){u) - (j){v)\\^^+i^^^<KR{T)\\u - u||e(Q^), 


Vm,u € B{Qt), ||■u||s(QT) — IkllB(QT)— from which we obtain the conclusion. 


□ 


3.1. Strict solutions of the WDP ([T]). In order to continue, the next definition 
is necessary. 

Definition 3.1. If uq € u is a strict solution of the WDP ([T]), if 

u G R{Qt) and 

a.e. in Qt ■= (0,T) x (—1,1) 



a.e. t G (0, T) 
a.e. t G (0, T) 



Now, we give the following existence and uniqueness result for strict solutions. 
Theorem 3.2. For all uq G there exists a unique strict solution u G 


R{Qt) to WDP (HJ. 


The proof of Theorem 13.21 has not been included in this paper as it is very lengthy 
and technical. However, this proof is similar to that of the existence and uniqueness 
of strict solutions for the SDP (Cl), proved in the Theorem 3.15 of [7] (see also 
Appendix B of [7], and the author’s Ph.D. Thesis El)- The fundamental idea of 
this proof uses the “fixed poinf argument. The only difference between the SD case 
and the WD case consists in the fact that, in the WD case, there is the need to 
adapt the Robin boundary condition, but the sign condition on the coefficients (see 
{A.^wd)) assists us. 


® Since u S 'H{Qt) Q T; D(j 4)), we have S t3(j4), for a.e. t £ (0,T). Then, we 

deduce that the weighted Robin boundary conditions hold for almost every t S (0, T). 
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3.2. Strong solutions of the WDP O- The following notion of ‘‘‘'strong solu¬ 
tions” is classical in PDE theory, see, for instance, [T], pp. 62-64 (see also H)- 

Definition 3.3. Let Uq € L^(—l,l). We say that u € iB(Qt) is a strong solution 
of the WDP JT]), if m(0, •) = uq and there exists a sequence {uk}k£N in "H{Qt) such 
that, as fc — >■ oo, uu —> u in B{Qt) and, for every k € N, Uk is the strict solution 
of the Cauchy problem 

Ukt - ia{x)ukx)x = a(t,x)uk + (l>{uk) a.e. in Qt := (0,T) x (-1,1), 

f/3oMfc(t,-1)-h^ia(-l)ufcx(i,-1) = 0 a.e. tG(0,T), (1^) 

Ito Uk{t, 1) -I- 7i a(l) Ukx{t, 1) = 0 a.e. t G (0, T), 

with initial datum ttfc(0,a::). 

Remark 4. We note that, due to the definition of the S((5t)— norm (see Section 
3.1), due to the fact that, as fc —>■ oo, Uk —u in B{Qt), from the Definition 13.31 
we deduce that Ufc(0, •) —uq in L^(—1,1). 

Moreover, since ip is locally Lipschitz continuous (see Proposition [T]) , 

(Pi^k) — >(Piu), in L^+^(-l, 1). 

Now, we give the following proposition. 

Proposition 2. Let T > 0,uo:i'o & {oruQ,vo G L^(—1,1)). u,v are 

strict (or strong) solutions of the WDP ([I]), with initial data Uq,Vq respectively. 
Then, we have 

Ik - ''^IIb(Qt) ^ C't Iko - 'yo||L2 (_i_i), (16) 

where Ct = and denotes the positive part of a 0). 

The proof of Proposition [2] is similar to that of Proposition 3.16 of [7]. 


3.3. Proof of the main result. Finally, we can prove the main result of this 
paper, that is, the existence and uniqueness of strong solutions to WDP o with 
initial data in L^(—1,1). 

Proof, fof Theorem 1 1.1|) . Let uq G L^(—1,1). There exists {a^lfcgN C iL^(—1,1) 
such that, as /c — >■ oo, ug in L^(—l, 1). For every fc G N, we consider the prob¬ 

lem (fTKl) with initial datum Uk(0,x) = u^(x), x G (—1,1). For every fc G N, through 
the uniqueness and existence of the strict solution to system (HSl) (see Theorem l3.2p . 
there exists a unique Uk G ^.{Qt) strict solution to (fTKll . Then, we consider the 
sequence {uk}kefi ^ T~L{Qt) and by direct application of the Proposition[2]we prove 
that {ukfkeN is a Cauchy sequence in the Banach space B{Qt). Then, there exists 

D D 

u G B(Qt) such that, as /c —>■ oo, Uk —>■ u in B{Qt) and u(0, •) = lim Uk{0, •) = ug. 

k—¥co 

So, u G B{Qt) is a strong solution. The uniqueness of the strong solution to ([T]) is 
trivial, applying Proposition [2] □ 


x) := max{Q:(t, x), 0}, V(t, x) E Qt- 
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4. Some applications and prospectives: global multiplicative controlla¬ 
bility. We are interested in studying the nonnegative multiplicative controllability 
of (HI using the bilinear control a{t,x). Some references for multiplicative control¬ 
lability are m, [3], m and [5]. Let us start with the following definition. 

Definition 4.1. We say that the system CD is nonnegatively globally approximately 
controllable in L^(—1,1), if for every e > 0 and for any nonnegative uq, Ud G 
L^(—1 ,1), with uq ^ 0 there are a T = T{e,UQ,Ud) > 0 and a bilinear control 
a = a{t,x), a G L°°{Qt) such that for the corresponding strong solution ult,x) of 
CD we obtain 

||u(T, •) - Md||L2(_i_i) < e. 

4.1. Multiplicative controllability for SDPs. In the following theorem, proved 
in [7], the nonnegative global approximate controllability result is obtained, for the 
semilinear SDP^ under the assumptions (4l.l), (^4.2), {AA),{A.bwD) and (A.3) 
with "d G (1,3) instead of € [1,3). 

Theorem 4.2. The semilinear SDP ([T| is nonnegatively globally approximately 
controllable in 1), by means of bilinear controls a. Moreover, the correspond¬ 

ing strong solution to the SDP CD remains nonnegative a.e. in Qt- 

4.2. Multiplicative controllability for WDPs. Thanks to the well-posedness 
result for WDPs obtained in this paper, we will be able to investigate the possibility 
of extending Theorem 14.21 from SDPs to WDPs (see [S]). 

REFERENCES 

[1] A. Bensoussan, G. Da Prato, G. Delfour and S.K. Mitter, Representation and Control of 
Infinite Dimensional Systems, 1, Birkauser, Boston, 1992. 

[2] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer- 
Universitext, New York, 2010. 

[3] P. Gannarsa and G. Floridia, Approximate controllability for linear degenerate parabolic 
problems with bilinear control, in Proc. Evolution Equations and Materials with Memory 
2010 (eds. D. Andreucci, S. Garillo, M. Fabrizio, P. Loreti and D. Sforza), Universita La 
Sapienza Roma, (2011), 19-36, arXiv: 1106.4232 

[4] P. Gannarsa and G. Floridia, Approximate multiplicative controllabil¬ 
ity for degenerate parabolic problems with Robin boundary conditions, 
Communications in Applied and Industrial Mathematics. 2 no.2 (2011), 1-16. 

[5] P. Gannarsa and A.Y. Khapalov, Multiplicative controllability for reaction-diffusion equations 
with target states admitting finitely many changes of sign, Discrete Contin. Dyn. Syst. Ser. 
B, 14 no.4 (2010), 1293-1311. 

[6] E. DiBenedetto, Degenerate Parabolic Equations, Springer-Verlag, New York, 1993. 

[7] G. Floridia, Approximate controllability for nonlinear degenerate parabolic problems with 
bilinear control, J. Differential Equations 257 no.9 (2014), 3382-3422, arXiv: 1406.1447 

[8] G. Floridia, Approximate Multiplicative Controllability for Degenerate Parabolic Problems 
and Regularity Properties of Elliptic and Parabolic Systems, Ph.D thesis, University of Gata- 
nia. Supervisor: Prof. Piermarco Gannarsa, 2011. 

[9] G. Floridia, Controllability for nonlinear degenerate parabolic problems with Robin boundary 
conditions, in preparation. 

[10] G. Floridia and M.A. Ragusa, Interpolation inequalities for weak solutions of nonlinear par¬ 
abolic systems, J. Inequal. Appl.. 2011:42 (2011), 1-17. 

[11] G. Floridia and M.A. Ragusa, Differentiabilty and partial Holder continuity of solutions of 
nonlinear elliptic systems, J. Convex Anal, 19 no.l (2012), 63—90. 

Received xxxx 20xx; revised xxxx 20xx. 

E-mail address: floridia.giuseppe@icloud.com 


